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I n t r o d u c t i o n  
Suppose a program c o n t a i n s  some bugs each  of which even tua l ly  
m a n i f e s t s  i t s e l f  a s  a f a i l u r e  of t h e  program t o  execu te  c o r r e c t l y .  I f  
each  bug i s  removed when i t  causes  a f a i l u r e ,  f a i l u r e s  should occur  a t  
a d e c r e a s i n g  r a t e  and t h e  program e x h i b i t  r e l i a b i l i t y  growth. Suppose 
s u c c e s s i v e  f a i l u r e s  occur  a t  t i m e s  
and t h e  number o f - f a i l u r e s  observed i n  [O , t ]  i s  denoted a s  n ( t )  , 0 2 . t  ; 
F i g u r e  1 shows a n  example of such d a t a ,  ( n ( t )  , 0 - < t 2 t50) . Important  
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Figure 1 .  Observed number of f a i l u r e s  as a 
funct ion  of  time; n ( t )  = number of 
f a i l u r e s  i n  [ 0 ,  t ]  . 

p r o b l e n s  i n  t he  a r e a  of sof tware  r e l i a b i l i t y  focus on d a t a  a s  i n  (1)  o r  
F igu re  1: we would l i k e  t o  make va r ious  s t a t i s t i c a l  i n f e r e n c e s  from t h e  
d a t a .  Assuming a  time-homogeneous usage environment,-what can be s a i d  
about  f u t u r e  f a i l u r e s ?  How many f a i l u r e s  a r e  expected over  some f i n i t e  
f u t u r e  hor izon?  What is  t h e  d i s t r i b u t i o n  of t ime u n t i l  t h e  next  f a i l u r e ?  
What is t h e  p r e s e n t  f a i l u r e  r a t e  of t h e  program? ( I f  bugs causing f u t u r e  
f a i l u r e s  a r e  n o t  removed a t  those  f a i l u r e  times, t h e  p r e s e n t  f a i l u r e  r a t e  
shou ld  remain cons t an t  i n t o  t h e  f u t u r e . )  Many papers  i n  t h e  sof tware  
r e l i a b i l i t y  l i t e r a t u r e  add re s s  t he se  and r e l a t e d  i s s u e s .  The purpose of 
t h i s  p a p e r  i s  t o  a d d r e s s  t h e  problem of e s t i m a t i n g  t h e  p re sen t  f a i l u r e  
r a t e  o f  a  program. Our method i s  new; i t  c o n s i s t s  of smoothing a  raw 
e s t i m a t e  of t h e  f a i l u r e  r a t e  wi th  a  completely monotone func t ion .  
R e l i a b i l i t y  Growth Models and Complete Monotonicity 
One approach t o  t h e  i n f e r ence  problems a r i s i n g  from t h e  observed 
f a i l u r e  t i m e s  i n  (1)  i s  p o s t u l a t i o n  of p r o b a b i l i t y  models f o r  t h e  f a i l u r e  
t imes .  Such models i n c l u d e  Jelinsky-Xoranda [ 8 ] ,  Goel-Okumoto [ 7 ] ,  
auane-Crow [ 4 , 3 ] ,  Li t t lewood [ 9 ] ,  and Husa-Okumoto [13 ] .  These a r e  a l l  
p a r a m e t r i c  models. The gene ra l  approach c o n s i s t s  of s e l e c t i n g  a  p a r t i c u l a r  
model by goodness-of - f i t ,  p a s t  qua l i t y -o f -p red i c t i on ,  o r  some o t h e r  
c r i t e r i o n  and then ,  u s ing  t h a t  model ( v i t h  e s t ima ted  parameters ) ,  p r e d i c t  
t h e  f u t u r e  o r  g i v e  e s t i m a t e s  of t he  c u r r e n t  f a i l u r e  r a t e .  I t  i s  
i n t e r e s t i n g  t o  n o t e  t h a t  a l l  t h e  above models have a  common proper ty :  
complete  monotonic i ty  of f a i l u r e  r a t e  f u n c t i o n .  
L e t  N( t )  e q u a l  t h e  (random) number of f a i l u r e s  observed i n  [ O , t ]  
and l e t  M(t) = EN(t) be  t h e  expected number. The i n t e n s i t y  func t ion  
d  
of t h e  po in t .  p roces s  { N ( t ) ,  0 < t )  i s  m( t )  = 7- M(t) , 0 5 t ; m(') 
a t  
i s  a l s o  sometimes r e f e r r e d  t o  as the  f a i l u r e  r a t e  of t h e  process .  A 
f u n c t i o n  m ( * )  i s  completely monotone i f  and only i f  i t  possesses  
d e r i v a t i v e s  of a l l  o r d e r s  and 
s e e  F e l l e r  [ 5 ,  p. 4391.  It i s  s imple t o  v e r i f y  t h a t  a l l  of t h e  above 
mentioned sof tware  r e l i a b i l i t y  growth models s a t i s f y  ( 2 ) .  Futhermore 
i f  t h e  f a i l u r e  t imes a r e  modeled a s  o r d e r  s t a t i s t i c s  of independent b u t  
n o t  n e c e s s a r i l y  i d e n t i c a l l y  d i s t r i b u t e d  Exponent ia l  random v a r i a b l e s ,  
(2 )  i s  a l s o  s a t i s f i e d ;  s e e  M i l l e r  [ l l ] .  F i n a l l y  t h e  c l a s s  of completely 
monotone f u n c t i o n s  is  i d e n t i c a l  t o  t h e  t o t a l i t y  of i n t e n s i t y  f u n c t i o n s  
f o r  t h e  fami ly  of doubly s t o c h a s t i c  Exponent ia l  o r d e r  s t a t i s t i c  p roces se s ;  
see 1111 aga in .  Thus, t h e  set of completely monotone i n t e n s i t y  f u n c t i o n s  
seems t o  be  a  n a t u r a l  b a s i s  f o r  a  nonparametric approach t o  e s t i m a t i n g  
t h e  f a i l u r e  r a t e .  Our approach w i l l  be  t o  f i n d  a  completely monotone 
r a t e  f u n c t i o n  which, i n  some s e n s e ,  b e s t  f i t s  t h e  f a i l u r e  d a t a  i n  (1) .  
Var ious  s p e c i f i c  fo rmula t ions  of t h e  problem a r e  pos s ib l e ;  w e  p r e s e n t  
two c l o s e l y  r e l a t e d  fo rmula t ions  he re .  
Problem Statement  - F i r s t  Formulat ion 
Consider  f a i l u r e  d a t a  a s  i n  ( 1 ) .  A raw e s t ima te  of t h e  f a i l u r e  
r a t e  f u n c t i o n  i s  
(This  is  a r a t h e r  c rude  and na ive  e s t i m a t e ,  b u t  i t  does have some n i c e  
p r o p e r t i e s  such a s  be ing  t o t a l l y  nonparametr ic  and i t  has  appeared i n  t h e  
r e l i a b i l i t y  l i t e r a t u r e ,  e .g .  [ 1 2 ] . )  ,The  above f a i l u r e  r a t e  e s t i m a t e  i s  
sho rn  i n  F i g u r e  2 f o r . t h e  d a t a  from Figure  1. (A v e r y - n a i v e  e s t i m a t e  of 
r ( t  ) would be  ( t )  . Our g o a l  i s  t o  f i n d  t h e  "c lo se s t "  completely 
n n  
* 
monotone f u n c t i o n  r ( t )  , 0 < t < t 
- 
t o  ; ( t )  , 0 < t < t ; :  we 
- n '  - - n  
s h a l l  u s e  t h e  c r i t e r i o n  of " leas t - squares . "  I t  appears  ,necessary t o  
fo rmula t e  t h e  problem i n  . d i s c r e t e  t ime.  We s h a l l  use t h e  f a i l u r e  t imes  
* ;t - 
of (1) :  l e t  i = ; ( t i )  and ri = r ( t i )  . The l e a s t  squa re s  d i s t a n c e  i 
f o r  t h e  d i s c r e t i z e d  problem is  
Figure 2 .  Raw estimated fa i lure  rate for data 
i n  Figure on true rate 
* 
There is  some problem i n  c a r r y i n g  t h e  complete monotonicity of r ( 0 )  a- 
* 
ove r  t o  t h e  sequence { r i  , l , , n  because of t h e  unequal spac ing  
between d i s c r e t e  t i m e  p o i n t s .  Thus we s h a l l  temporar i ly  cons ider  on ly  
t h e  f i r s t  two d e r i v a t i v e s ,  which lead  t o  
We now have  two op t imiza t ion  problems: 
* 
I. For  g iven  { i i  , i = , 2 , . . . n  f i n d  r , 1 2 ,  l which minimizes 
A * * * * 
D(r  , r ) s u b j e c t  t o  t h e  c o n s t r a i n t s  r > 3 , ri - r < 0 , i = 2 , 3 ,  ..., n . 
n - i-1 - 
* 
11. For g iven  { i i  , i = , 2 , . . , n  f i n d  { r  , 2 n which i 
* * * * 
minimizes  D , r ) s u b j e c t  t o  t h e  c o n s t r a i n t s  r ' 0 , ri - ri-l - < o ,  
n - 
* * * * 
i = 2 , 3 , .  ...n , and ( r i  - r i - l ) / ( t i  - ti-l) 2 (rim1 - ri-2)/(t i- l  - ti-2) 9 
Kote t h a t  t h e  above s t a t emen t s  bo th  r e l a x  t h e  c o n s t r a i n t  of complete 
monotonic i ty  cons iderab ly :  Problem I r e q u i r e s  only monotonici ty  and 
Problem I1 r e q u i r e s  only convexi ty  and monotonici ty .  
The above problems a r e  bo th  q u a d r a t i c  programs. We have encoded an 
a l g o r i t h m  t o  so lve  them which i s  descr ibed  i n  t h e  Appendix. The s o l u t i o n s  
o f  Problems I and I1 f o r  t h e  d a t a  of l i g u r e  1 were computed and a r e  
p re sen t ed  i n  F igu re s  3 and 4 ,  r e s p e c t i v e l y .  The da t a  of F igure  1 i s  
a c t u a l l y  Monte Car lo  s imula ted  da t a  from a nonhomogeneous Poisson p roces s  
- 
w i t h  i n t e n s i t y  r ( t )  = 1/ u'400t , 0 5 t , a Duane-Crow model. This  " t rue"  
f a i l u r e  r a t e  f u n c t i o n  i s  shown on F igures  2, 3 ,  and 4 .  I n  t h i s  example 
time P10001 
Figure 3 .  Monotone estimate of fa i lure  rate  for data 
i n  Figure 1 s u  erinposed on true rate  
r ( t )  = 11 fl 400t 
time C10001 
Figure 4 .  Convex, monotone est imate of f a i l u r e  r a t e  for  
data i n  Figure 1 superimposed on true ra te  
r ( t )  = 11 ./E 
p r e s e n t  time is  t = 179,367. The t r u e  r a t e  i s  50 ('50 ) = 1.16 x . 1 0 - ~  . 
The r a t e  es t imated  from t h e  monotone func t ion  (Figure 3) 1 6  0.63 x  . 
The rate es t imated  from the  convex func t ion  ( f i g u r e  4)  i s  1 .38  x  . 
These r e s u l t s  seem promising. 
Note t h a t  Problem I above i s  t h e  well-known " i so tone- regress ion"  
problem descr ibed  by Barlow, ~a r tho lomew,  Bremner and Brunk [ l ]  and , 
addres sed  i n  the  r e l i a b i l i t y  growth con tex t  by Campbell and O t t  [ 2 ]  
and Nagel, Schloz, and Skr ivan  [14] .  I f  t h e  l a s t  i n t e r f a i l u r e  t ime 
happens t o  come from t h e  r i g h t  t a i l  of t h e  i n t e r f a i l u r e  t i m e  d i s t r i b u t i o n ,  
A A - * 
r = r ( t  ) w i l l  underes t imate  r(t ,)  and t h e  monotone c o n s t r a i n t  on r 
n n  
w i l l  have  no e f f e c t , l e a d i n g  t o  a  nega t ive  b i a s  ; imposing t h e  a d d i t i o n a l  
c o n s t r a i n t -  of convexi ty  does have a n  e f f e c t  a s  can be  s een  i n  F igu re s  
2,  3, and 4 .  I n  most sof tware  r e l i a b i l i t y  a p p l i c a t i o n s  a  p o s i t i v e l y  
b i a s e d  e s t i m a t e  of f a i l u r e  r a t e  i s  s a f e r  than  a  nega t ive ly  b i a sed  
e s t i m a t e ,  thus  t h e  convexi ty  c o n s t r a i n t  seems t o  be  d e s i r a b l e  and t h e  
g e n e r a l i z a t i o n  of  i s o t o n e  r e g r e s s i o n  t o  completely monotone r e g r e s s i o n  
worth pursu ing .  
Problem Statement  - Second Formulat ion 
The above fo rmula t ion  only  cons idered  f i r s t  and second d i f f e r e n c e  
c o n s t r a i n t s .  I t  i s  n o r e  s t r a i g h t f o r w a r d  t o  dea l  w i t h  h i g h e r  d i f f e r e n c e s  
i f  we fo rmula t e  t h e  problem i n  terms of equally-spaced d i s c r e t e  t i u e -  
p o i n t s .  Let  ( 0 ,  t n ]  be  d iv ided  i n t o  k i n t e r v a l s  of equa l  l e n g t h ,  
A s  = t n /k  ; and d e f i n e  k t ime p o i n t s  s = i s  , 1 2  k . A i 
suoothed v e r s i o n  of t h e  raw f a i l u r e  r a t e  ( i s  
?r ?r - ?r. 
Le t  r = ( s i  , i = , 2  . , k . W e  u se  { r  , 1 , .  .. k a s  t h e  d a t a  i i 
p o i n t  i n  t h e  l ea s t - squa re s  r eg re s s ion  problem. The op t ima l  s o l u t i o n  
* 
i s  denoted  a s  { r i  , i - 1 2  k a s  b e f o r e ;  we c o n s t r a i n  t h i s ' s o l u t i o n  
t o  s a t i s f y  
where d  corresponds t o  t he  maximum d i f f e r e n c e  cons ide red .  The l e a s t  
s q u a r e s  d i s t a n c e  i s  
We have a  family of q u a d r a t i c  programming problems ( f o r  d  = 1 , 2 , 3 ,  ... 1: 
* 
Minimize D , r ) sub. ject  t o  c o n s t r a i n t s  i n  (8). , . -  - . . . .. - . . 
We no te  t h a t  t h e r e  a r e  many p o s s i b l e  f o r n u l a t i o n  of  t h e  problem of 
f i n d i n g  t h e  "bes t"  completely monotone r a t e  f u n c t i o n .  The two we have 
g iven  s e e n  t o  be  c l o s e s t  t o  t he  s tandard  fo rmula t ions  of i s o t o n e  r e g r e s s i o n  
problems and t h e r e f o r e  a r e  l o g i c a l  i n i t i a l  approaches t o  t h i s  gene ra l  
problem. We p l a n  t o  cons ide r  s e v e r a l  o t h e r  p o s s i b l e  fo rmula t ions  i n  t h e  
f u t u r e .  
A Monte Car lo  Study of  Performance 
W e  have chosen t o  do a  more thorough i n v e s t i g a t i o n  of t h e  above 
second fo rmula t ion .  We wish t o  determine how a c c u r a t e l y  t h e  p re sen t  . 
program f a i l u r e  r a t e  ( i . e .  the  f a i l u r e  r a t e  a t  t h e  end of  t h e  observed 
d a t a )  c a n  be  e s t i m a t e d  by us ing  the  va lue  o f  a  l e a s t - s q u a r e s  completely 
monotone (up t o  d  d i f f e r e n c e s  o r  d e r i v a t i v e s )  r e g r e s s i o n  curve a t  t h a t  
p o i n t .  This  i s  a  complex in fe r ence  procedure which i s  n o t  anenable  t o  
a n a l y t i c  e v a l u a t i o n ,  t h e r e f o r e  we use Monte Car lo  s i m u l a t i o n  t o  e s t i m a t e  
t h e  ave rage  r e l a t i v e  e r r o r  and s tandard  d e v i a t i o n  of t h e  e s t i m a t o r .  
Fo r  ou r  i n i t i a l  set  of s imulated f a i l u r e  d a t a  we chose t he  
Musa-Okmoto 1131 Logari thmic Nonhomogeneous Poisson  p roces s .  This  
model seems t o  d e s c r i b e  sof tware  f a i l u r e s  vel l  and f o r  d i f f e r e n t  
parameter  va lues  i t  cove r s  a  range from no growth t o  extreme growth. 
The mean func t ion  M(*) and the  parameter va lues  considered .a re  shown 
i n  Table  I and the  corresponding mean f u n c t i o n s  a r e  graphed i n  F igu re  
5 ;  t h e  v a l u e s  o f  B were chosen s o  t h a t  t h e  i t h  curve goes through 
(50-Si, 20+2i),  i = 0 , 1 , .  . . ,9 . The amount of growth can be seen  from 
t h e  c u r v e s  o r  by comparing M(50) and M(100) - M(50) i n  Table  2 .  
Each d a t a  po in t  generated c o n s i s t s  of 40 obse rva t ions  from one of  t h e s e  
M-0 p roces se s .  
The r e s u l t s  of t h e  Monte Car lo  s tudy  appear i n  Table  11. We 
cons ide red  7 d i f f e r e n t  models: B through B6 . For each of t h e  f i r s t  0 -- . - 
f i v e  w e  genera ted  1000 d a t a  p o i n t s ,  i . e . ,  sample pa ths  of 40 o b s e r v a t i o n s  
each;  f o r  t h e  l a s t  two we genera ted  400 d a t a  p o i n t s .  For each d a t a  p o i n t  
we d i s c r e t i z e d  t h e  time i n t e r v a l  i n t o  40 equa l  s u b i n t e r v a l s  and found 
t h e  l e a s  t - squares  r e g r e s s i o n  l i n e s  whose f i r s t  d .  d i f f e r e n c e s  s a t i s f i e d  
t h e  c o n p l e t e l y  monotone p rope r ty ,  d  = 1, 2,  3, 4 ,  5 ,  and 6. We then  
computed t h e  r e l a t i v e  e r r o r  
f o r  each  o f  t h e  6 va lues  of d  . We then computed t h e  average  and 
s t a n d a r d  d e v i a t i o n  of t h e  r e l a t i v e  e r r o r s  ove r  a l l  1000 (or  400) 
r e p l i c a t e s  f o r  each va lue  of  d  and 0 : For example, i n  Table  11, 
f o r  1 5 ~  t he  monotone (d= l )  l e a s t - squa re s  e s t i m a t e  underest imated 
t h e , t r u e  r a t e  by 26 .7  pe rcen t  on t h e  average  and t h e  r e l a t i v e  e r r o r  
had a  s t anda rd  d e v i a t i o n  of  24.0 pe rcen t .  
The numbers i n  Table  I1 merit some d i s c u s s i o n .  The f i r s t  column 
( d = l )  cor responds  t o  t h e  t r a d i t i o n a l  i s o t o n e  r e g r e s s i o n .  We s e e  a  
s i g n i f i c a n t  nega t ive  b i a s  i n  t h e  ca se s  of sma l l  and moderate r e l i a b i l i t y  
growth. (The p o s i t i v e  b i a s  f o r  B5 and Q may r e f l e c t  an 
i n a p p r o p r i a t e n e s s  of t h e  mean a s  a  measure of l o c a t i o n  i n  t h e s e  c a s e s  
more t h a n  anyth ing  e l s e . )  Kote a l s o  t h a t  t h e  v a r i a b i l i t y ,  i . e . ,  s t a n d a r d  
d e v i a t i o n ,  of t h e  e s t ima to r  goes from an a c c e p t a b l e  t o  an unacceptab le  
l e v e l  as t h e  growth becomes more extreme. Using h i g h e r  d i f f e r e n c e s  
Table I 
Cases of Musa-Okumoto Logarithmic Poisson Plodel 
M(t) = 40 log  ( ~ t  + 1)  l og  (1006 + 1)  
F i g u r e  5. Mean f u n c t i o n s  f o r  Plusa-Okumoto Logar i thmic  
Poisson  p roces s .  Cases 0 through 9 of Table  I. 
Table I1 
Performance o f  completely monotone l e a s t  squares es t imators  of  
f a i l u r e  ra te  a t  40th f a i l u r e  of H-0 model: Average r e l a t i v e  
error and ( i n  parentheses)  standard deviat ion o f  r e l a t i v e  error 
The average and standard dev ia t ions  are estimated from 1000 independent 
. . .. . 
- . . 
r e p l i c a t e s  for e0 , f31 , B 2  , B3 -and B 4  and £;om 400 independent 
r e p l i c a t e s  for  B5 and B6 
(d > 1 )  we s e e  an improvement i n  t he  b i a s  and a small i n c r e a s e  i n  t he  
v a r i a b i l i t y  f o r  sma l l  and moderate growth s i t u a t i o n s .  A p o s i t i v e  b i a s  
is  c o n s e r v a t i v e  when e s t i m a t i n g  the f a i l u r e  r a t e  and t h e r e f o r e  i s  p r e f e r r e d  
t o  a n e g a t i v e  b i a s .  Thus from Table I1 i t  seems t o  fo l low t h a t  e s t i m a t o r s  
based on h ighe r  d i f f e r e n c e s  a r e  p re fe r r ed  t o  t h e  i s o t o n e  e s t i m a t o r s  f o r  
sma l l  and moderate growth. For cases  of more extreme growth i t  simply may 
be  imposs ib l e  t o  g e t  good nonparane t r ic  e s t i m a t e s .  
I n  o r d e r  t o  g e t  some f e e l i n g  f o r  t h e  s i g n i f i c a n c e  of t h e  v a r i a b i l i t y  
o f  t h e  above e s t i m a t o r s  w e  cons ider '  t h e  problem of e s t i m a t i n g  t h e  f a i l u r e  
r a t e  i n  a known tine-homogeneous environment, i . e .  no growth. Let 
Xi , b e  i . i . d .  Exponent ia l  random v a r i a b l e s  w i t h  mean 1, then  
n 
.-. 
i s  an  e s t i m a t o r  of  t h e  f a i l u r e  r a t e ,  and because A = 1 , X - 1 i s  an  
e s t i m a t o r  of  t h e  r e l a t i v e  e r r o r .  I t  can be  shown t h a t  
For n=40 , we g e t  Var(A) = .0277 and t h e  s t anda rd  d e v i a t i o n  equa l s  .I66 . 
Comparing t h i s  t o  t h e  s t a n d a r d  dev ia t i ons  i n  Table  I1 f o r  BO w e  s e e  a 
s u r p r i s i n g l y  s m a l l  d i f f e r e n c e ;  s o  we do n o t  seem t o  l o s e  much p r e c i s i o n  
by us ing  t h e  nonparamet r ic  approach which makes no assumptions about 
t i m e  homogeneity.  
F i n a l l y ,  we n o t e  t h a t  t h e  mean and s t anda rd  d e v i a t i o n  of  t h e  
e s t i m a t o r s  do n o t  g i v e  a complete p i c t u r e  of t h e  performance. The 
complete d i s t r i b u t i o n  of  r e l a t i v e  e r r o r s  i s  more r e v e a l i n g .  F igu re  6 
shows t h e  e m p i r i c a l  d i s t r i b u t i o n s  of t h e  1000 r e l a t i v e  e r r o r s  observed 
Rela t ive  Error 
Figure 6 .  Cumulative d i s t r i b u t i o n s  of  r e l a t i v e  errors  for  
e s t imates  o f  f a i l u r e  ra te  a t  40th f a i l u r e  o f  
M-0 model wi th  f? = B3 = . I31  based on d= l  
and d=2. (The d i s t r i b u t i o n  for  d=l  i s  t o  the  
l e f t . )  
f o r  model B 3  us ing  d=l and d=2 . From these  p l o t s  w e  a r e  tempted 
t o  p r e f e r  t h e  convex (d=2) e s t i m a t o r  t o  t h e  monotone (d= l )  one even 
though t h e  a b s o l u t e  average  e r r o r  is  th ree  t imes l a r g e r .  One reason  f o r  
t h i s  c h o i c e  is  t h a t  t h e  monotone es t imator  underes t imates  62.6 percent  
of t h e  t i n e  wh i l e  t h e  convex e s t ima to r  underes t imates  35.9 pe rcen t  of 
t h e  t ime.  
Conclus ions  and Fu tu re  Work 
We have p re sen t ed  a  new nonparametric method f o r  e s t i m a t i n g  the  
. . - . . . . - - . . 
~ . - . . . . . - - - . -- .-. -. - . -- . . 
c u r r e n t  f a i l u r e  r a t e  of  a  program, i . e .  the  f a i l u r e  r a t e  a t  t h e  end of  
a  sequence of observed f a i l u r e s .  A l im i t ed  Monte Ca r lo  s tudy  shows t h a t  
t h e  method works w e l l  f o r  d a t a  s e t s  with smal l  o r  moderate growth b u t  
no t  f o r  d a t a  sets w i t h  extreme growth. 
T h i s  i n i t i a l  s t u d y  shows t h a t  t h e  nethod has  p o t e n t i a l .  We a r e  
pursu ing  s e v e r a l  p a t h s  which should  improve t h e  method and a l l ow  i t  t o  
ach i eve  i t s  f u l l  p o t e n t i a l .  We a r e  looking a t  fo rmula t ions  i n  terms 
of t h e  mean f u n c t i o n  i n s t e a d  of t he  f a i l u r e  r a t e  f u n c t i o n .  Cons t r a in ing  
the  s o l u t i o n  t o  be comple te ly  monotonic i n t o  t h e  f u t u r e  may improve t h e  
estimate o f  p re sen t  f a i l u r e  r a t e ;  t h i s  ex tens ion  may l e a d  t o  p r e d i c t i o n s  
of f u t u r e  r e l i a b i l i t y  growth. F i n a l l y ,  i t  may be  p o s s i b l e  t o  develop a  
more e f f i c i e n t  and more s t a b l e  numerical  a lgor i thm.  
The Opt imiza t ion  Alnorithm 
The op t imiza t ion  problems of t h e  two formula t ions  presen ted  a r e  
bo th  l i n e a r l y  cons t r a ined  q u a d r a t i c  programming problems ( i n  t h e  
v a r i a b l e s  r i )  . A computer program was w r i t t e n  f o r  so lv ing  t h e s e  
problems, us ing  a  Newton type  v a r i a b l e  r educ t ion  a lgor i thm . (Such 
a l g o r i t h m s  a r e  desc r ibed  i n  d e t a i l  i n  McCormick [ l o ]  and i n  G i l l  et a l .  [ 6 ] .  
The program uses  a  Cholesky decomposition ( s e e  G i l l  e t  a 1  [6]) t o  f a c t o r i z e  
t h e  p r o j e c t e d  Hessian m a t r i x .  I t  should be  noted t h a t  t he  system of 
e q u a t i o n s  (8) i s  equ iva l en t  t o  t h e  reduced system of equa t ions  
d d *  (-1) A r - > 0 d+l  - < i - < k 
i i *  (-1) r > 0 0  < i < d-1 k - - - 
Thi s  r e d u c t i o n  t o  a  system of non-redundant equa t ions  ( p r i o r  t o  s o l u t i o n ) ,  
i s  neces sa ry ,  s i n c e  a l l  a lgo r i t hms  f o r  cons t ra ined  op t imiza t ion  assume 
l i n e a r  independence of t h e  c o n s t r a i n t  g r a d i e n t s .  
For  smal le r  va lues  of d  , t h e  op t imiza t ion  program proved q u i t e  
e f f i c i e n t .  A s  examples, t h e  running  time f o r  900 problems of 40 v a r i a b l e s  
each ,  w i t h  B = 0.1  and d=3  was under 3 CPU minutes  on an I B N  4341, 
w h i l e  600 problems of  40 v a r i a b l e s  w i t h  6 = 0.00001 and va lues  of  d  
va ry ing  from 1 t o  6 took j u s t  under 1 CPU minute.  However, f o r  l a r g e r  
v a l u e s  of t h e  maximal o r d e r  of c o n s t r a i n t  d i f f e r e n c e s  d  , numerical 
problems a r i s e .  A s  t h e  va lue  of d  i n c r e a s e s ,  t h e  c o n s t r a i n t  c o e f f i c i e n t  
m a t r i x  becomes i n c r e a s i n g l y  ill cond i t i oned .  A s  a  r e s u l t ,  a  s o l u t i o n  
which s a t i s f i e s  t h e  system of e q u a t i o n s  (11) up t o  an accep tab l e  
- 7  t o l e r a n c e  ( say ,  1 0  ) does n o t  n e c e s s a r i l y  s a t i s f y  system (8) t o  an  
a c c e p t a b l e  t o l e r ance ,  and hence i s  unacceptab le .  Another problem 
encountered  f o r  l a r g e r  d  i s  t h a t  t h e  progran; f a i l s  t o  complete t h e  
Cholesky decomposition of t h e  p r o j e c t e d  Hessian,  even though t h i s  m a t r i x  
i s  known t o  be  p o s i t i v e  d e f i n i t e .  
V a r i o u s  s t e p s  c a n  y e t  b e  t aken  t o  improve t h e  e f f i c i e n c y  of t h e  
program. V a r i o u s  measures  t o  r e s t o r e  f e a s i b i l i t y  have been i n t r o d u c e d ,  
and t h e s e  c o u l d  s t i l l  b e  improved. I n  a d d i t i o n ,  an o r thogona i  f a c t o r i z a -  
t i o n ,  r a t h e r  t h a n  a Cholesky decomposit ion could  b e  used.  Th i s  would t e n d  
t o  i n c r e a s e  t h e  n u m e r i c a l  s t a b i l i t y  a t  the  expense  of i n c r e a s e d  runn ing  
t ime  . 
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